A linear nonconforming (conforming) displacement finite element method for the pure displacement (pure traction) problem in two-dimensional linear elasticity for a homogeneous isotropic elastic material is considered. In the case of a convex polygonal configuration domain, cf (h) (if(h2)) error estimates in the energy (L2) norm are obtained. The convergence rate does not deteriorate for nearly incompressible material. Furthermore, the convergence analysis does not rely on the theory of saddle point problems.
Introduction
We consider finite element approximations of the pure displacement and pure traction boundary value problems in two-dimensional linear elasticity associated with a homogeneous isotropic elastic material.
It is well known (cf. [5] ) that the convergence rate for the standard displacement method using continuous linear finite elements deteriorates as the Lamé constant X becomes large, i.e., when the elastic material is nearly incompressible. Various methods have been proposed which work uniformly well for all X, for example the p-version method of Vogelius in [22] , the PEERS method of Arnold, Brezzi, and Douglas in [1] , the mixed method of Stenberg in [20] , the Galerkin least squares method of Franca and Stenberg in [11] , and the nonconforming methods of Falk in [10] . A common theme in these works is that the convergence analysis is reduced to the study of the stability condition for a saddle point problem.
Here we will directly prove (without referring to any saddle point problem) the uniform convergence with respect to X of two displacement methods using conforming and nonconforming finite elements. What we need in the convergence proof is an interpolation operator n with the property (P): div 0 = 0 => div Yltp = 0. Such an operator does not exist for the conforming linear finite element space, which explains the deterioration of the convergence rate. This difficulty can be overcome in two ways. First, one can enlarge the finite element space by using nonconforming finite elements, which is the approach that we adopt for the pure displacement problem. Second, one can keep the conforming linear finite element space, but use reduced integration in the formulation of the discretized equations, so that (P) only needs to hold in a weaker sense. This is the approach that we take for the pure traction problem. In both cases we obtain uniform (f(h) energy norm estimates for the discretization error, and for the pure displacement problem we also obtain a uniform tf (h2) L2-norm estimate. In our proof we also use some properties of the divergence operator developed by Arnold, Scott, and Vogelius in [2] . Our methods are robust in the sense of Babuska and Suri (cf. [3, 4] ).
In order to write down the equations of the boundary value problems, we introduce the following notation. Throughout this paper, an undertilde is used to denote vector-valued functions, operators, and their associated spaces. Double undertildes are used for matrix-valued functions and operators. We define
We also define where 6 = [ ç. , ) and tr(r) = t : ô ,
The pure displacement boundary value problem for a two-dimensional homogeneous isotropic material is given by -diy{2pe(u) + Xtr(e(u))ô} = f inQ,
where flçl2
is the configuration domain, u is the displacement, f(x) is the body force, and X, p > 0 are the Lamé constants. The pure traction problem is given by -diy{2pe(u) + Xtr(e(u))ô} = f inQ,
where v is the unit outer normal. For simplicity, we only consider the case where Q is a bounded convex polygonal domain throughout this paper.
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In the treatment of the pure traction problem we need the spaces (k > X) ' he rest of the paper is organized as follows. In §2 we give the relevant results from the theory of partial differential equations on polygonal domains. We prove in Lemmas 2.2 and 2.3 that there exist uniform elliptic regularity estimates for ||«||//2(ci)+'i.||divM||//i(£2) for the boundary value problems (1.1) and (1.2). To the best of our knowledge, these estimates have not appeared explicitly in the existing literature in the context of convex polygonal domains. Section 3 contains a discussion of the pure displacement problem, and §4 contains a discussion of the pure traction problem.
Relevant results from the theory of partial differential equations on polygonal domains
We consider the Lamé constants (p, X) in the range [po, px ] x (0, oo), where 0 < pq < px < oc. We let C denote a generic positive constant, independent of p and X, with its dependencies listed as its subscripts. The same symbol may take different values in different contexts.
We begin with some properties of the divergence operator.
Lemma 2.1. Let fid2 be any bounded polygonal domain and let I = X or 2. There exists a positive constant Ca such that given any v G Hl(Çl) n HX0(Q.) (respectively, v e H'(Çï)), there exists w e Hl(Q) n HX0(Q.) (respectively, w G H'(0) (cf. (X.3))) such that Since the boundary of a polygon has corners, the boundary conditions in ( 1.1 ) and (1.2) must be carefully interpreted. We shall denote by S,■, X < i < n , the vertices of Í2, by T,, X < i < n , the open line segments joining S¡ to Si+X , by t, the positively oriented unit tangent along T,, and by v¡ the unit outer normal along T,. Henceforth, indices involving the vertices and edges of Q should be interpreted as integers modulo n .
Let p G HXI2(Y,) and q G Hxl2(Yl+x). We say that p = q at Si+X if J0 \q(s) -p(-s)\2 y < oo, where 5 is the oriented arc length measured from Sj+X , and Ô is a positive number less than min{|r,|: X < i < n}. 
at Si+X for X < i < n , then there exists a positive constant Cq such that Observe that the conditions on g, are equivalent to (cf. [2] ) the existence of a function z g H3(Q) such that curlz|r, = g¡ for X < i < n, which
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use is a necessary condition for (2.8) to hold for all X G (0, oo). Moreover, it follows from Theorem 6.2 of [2] that z can be chosen with the property that llzll//3(0) < CaYÜ=x llc?ill//3/2(r,) ■ Therefore, it suffices to establish (2.8) for u -curl z, or equivalently, we may assume g¡ = 0 without loss of generality.
In other words, we assume that u G H2(Çï) n HX0(Q) satisfies (2.9) -diy {2pe(u) + Xtr(e(u))ô} = f infi.
We first show that there exists a positive constant Cq such that
Let w G Hx0(Çl). By integration by parts, it follows from (2.9) that (2.11) 2p / e(u) : e(w)dx + X (divu)(di\w)dx = / f -wdx.
If we let w = u in (2.11), we obtain (2.12) 2p\ e(u): e(u)dx< ||/||z.2(£i)||w||¿2(n).
By using Korn's first inequality and Poincaré's inequality (cf. [12, 18] ), we have
By Lemma 2.1, there exists w* G H0(Cl) such that (2.14) divu;* = divw and (2.15) IKII//i(0) < Call div «||i2(n).
It follows from (2.11) and (2.14) that
Together with (2.13) and (2.15), we have
The estimate (2.10) now follows from (2.13) and (2.17).
Next we will show that there exists a positive constant Cn. such that
Observe that it suffices to prove (2.18) for X > Xq , where Xo is a sufficiently large number. (The case X < Xq follows directly from standard elliptic regularity estimates for (2.9).) We now turn to the pure traction problem. For this problem to be solvable, certain compatibility conditions must be satisfied. For that purpose we introduce the space of infinitesimal rigid motions RM := {v : v' = (a + bx2, c -bx\), a, b, c el} . In the case of a domain with smooth boundary, this estimate was proved by
Vogelius in [22] . We shall only consider the case of homogeneous boundary conditions, i.e., g, = Q for X < i < n. Our result can then be easily extended to the more general case where g, G //3/2(r,), Yi"=x Jr g¡ -^¡ds = 0, and a d
at Si+x for !</'<«. By Poincaré's inequality, there exists a unique solution to problem (3.2), which is therefore the solution of (3.1). From Lemma 2.2, we know that the solution is actually in H2(Çî) n HX0(Q.).
In order to discretize (3.2), we introduce a triangulation ,9£. Here we let the subscript h represent the maximum of the diameters of the triangles in the triangulation. Let Vh = {v:ve L2(Q),v\Tis linear for all T G ^, (3.3) v is continuous at the midpoints of interelement boundaries and v = 0 at the midpoints of edges along <9£2}.
For v G Vh , we define grad/,?; and divA v by It is obvious that Proof. Our analysis closely follows that of Crouzeix and Raviart for the Stokes problem in [9] . Let u*h be the an(-, -)-orthogonal projection of u into Vh.
Following [19] , we can deduce an abstract discretization error estimate: \\u-uh\\h < l|a-«*IU + ll«*-«*IU Note that (3.12) and (3.19) imply that (3.22) divA Unux = div/, Uhu.
Using (2.8), (3.7), (3.9), (3.13), (3.19) , (3.21) , and (3.22), we obtain
<Cû>eA||/||L2(n).
The theorem now follows by combining (3.15), (3.18), and (3.23). □
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Proof. The proof is based on a duality argument. We have \Ja(u-uh)-wdx\ Note that (3.14), (3.28), (3.29) , and the argument that led to (3.23) imply that for all v eHl(Q).
The following Korn's second inequality is well known (cf. [10, 12, 18] ): There exists a positive constant Cq such that \\e(v)\\mn)>CQ\v\HHa) V?;g//'(Q).
(4.2)
In view of inequality (4.2), problem (4.1) has a unique solution, which is the solution of (2.29). From Lemma 2.3, we know that the solution is actually in H2(Q).
Let ^ be a triangulation obtained by connecting the midpoints of edges in the triangulation ^¡h . Define The discretized problem (4.6) is an example of the method of reduced integration. We refer the readers to [17] for more information on this technique.
Let an(', •) be the symmetric bilinear form defined on Hx(Çl) by 
